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Abstract
The hyperbolic sup norm of the pre-Schwarzian derivative of a locally univalent function on the
unit disk measures the deviation of the function from similarities. We present sharp norm estimates
for the Alexander transforms of convex functions of order α, 0 α < 1.
 2004 Elsevier Inc. All rights reserved.
Keywords: Alexander transform; Univalent function; Convex of order α; Hypergeometric function
* Corresponding author.
E-mail addresses: choijh@dnue.ac.kr (J.H. Choi), kimyc@yu.ac.kr (Y.C. Kim), samy@iitm.ac.in
(S. Ponnusamy), sugawa@math.sci.hiroshima-u.ac.jp (T. Sugawa).
1 The second author was supported by Korea Basic Science Research Foundation (Grant No. DP0022).
2 The fourth author was partially supported by the Academy of Finland during his stay at the University of
Helsinki and by NBHM (DAE, India) grant and the present work was completed during this author’s visit to
IIT-Madras in March–April, 2004.0022-247X/$ – see front matter  2004 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2004.08.066
662 J.H. Choi et al. / J. Math. Anal. Appl. 303 (2005) 661–6681. Introduction
For a locally univalent analytic function f on the open unit disk D = {z ∈ C: |z| < 1},
the hyperbolic sup norm of the pre-Schwarzian derivative Tf = f ′′/f ′ may be regarded
as a quantity measuring the deviation of f from similarities since Tσ = 0 for a similarity
σ(z) = az + b, a = 0. Let A denote the class of analytic functions f with f (0) = 0,
f ′(0) = 1, and LU the subclass of A consisting of all locally univalent functions, namely,
LU = {f ∈ A: f ′(z) = 0, z ∈ D}. In the sense of the Hornich operations ([5], see also
[7]), we may regard LU as a vector space over C and we can define the norm of f ∈ LU
by
‖f ‖ = sup
z∈D
(
1 − |z|2)
∣∣∣∣f
′′(z)
f ′(z)
∣∣∣∣.
It is known that ‖f ‖ < ∞ if and only if f is uniformly locally univalent, that is, there
exists a constant ρ = ρ(f ) > 0 such that f is univalent in each disk of hyperbolic radius
ρ in D. Furthermore, ‖f ‖ 6 if f is univalent in D and, conversely, f is univalent in D if
‖f ‖ 1, and these bounds are sharp (Becker and Pommerenke [1]). For more geometric
and analytic properties of f relating the norm, see [8].
Many authors have given norm estimates for classical subclasses of univalent functions
(see [2,6,9,14,17,18]). For a real number α with 0  α < 1, a function f ∈ A is called
starlike of order α if
Re
(
zf ′(z)
f (z)
)
> α, z ∈ D,
and f is called convex of order α if
Re
(
1 + zf
′′(z)
f ′(z)
)
> α, z ∈ D.
We denote by S∗(α) and K(α) the classes of starlike and convex functions of order α,
respectively. Note that f belongs to K(α) if and only if the function g(z) = zf ′(z) belongs
to S∗(α). The function f is obtained from g as follows:
f (z) = J [g](z) =
z∫
0
g(ζ )
ζ
dζ =
1∫
0
g(tz)
dt
t
,
where J [g] is called the Alexander transform of g ∈A. Therefore, g ∈ S∗(α) if and only if
J [g] ∈K(α). Since the function g(z) = z +∑∞n=2 anzn is transformed by J to J [g](z) =
z +∑∞n=2 anzn/n, it is expected that the function J [g] is closer to similarities than g. In
fact, the following results are known.
Theorem A.
(i) If f ∈A is univalent, then ‖f ‖ 6 and ‖J [f ]‖ 4. Both inequalities are sharp.
(ii) If f ∈ S∗(α), then ‖f ‖ 6−4α and ‖J [f ]‖ 4(1−α) for 0 α < 1. Both inequal-
ities are sharp for each α.
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S. Yamashita [18]. We remark that univalence of f does not necessarily imply that of J [f ]
(see [3, p. 257]).
Note that the second inequality in (ii) of Theorem A is saying that f ∈ K(α) satisfies
‖f ‖  4(1 − α). In this paper, we consider the Alexander transforms of functions in the
class K(α). In order to state our result, we define the quantity L(α), 0 α < 1, by
L(α) = (1 − α) sup
0x<1
(1 − x2)F (3 − 2α,2;3;x)
F (2 − 2α,1;2;x) ,
where F(a, b; c;x) denotes the Gauss hypergeometric function (see Section 2). We can
also express L(α) in terms of elementary functions by
L(α) =


sup0<x<1(1 − x2) (1−2(1−α)x)(1−x)
2α−2−1
x[1−(1−x)2α−1] , for α = 1/2,
sup0<x<1(1 − x2) x+(1−x) log(1−x)−x(1−x) log(1−x) , for α = 1/2.
Theorem 1. Let α be a constant with 0 α < 1. For every function f ∈K(α), the Alexan-
der transform J [f ] of f satisfies the inequality ‖J [f ]‖ L(α). The bound L(α) is sharp
and satisfies L(α) 2(1 − α) for each α.
We have L(0) = 2 and by a numerical computation we find that L(1/2) ≈ 0.683831.
The graph of the function α → L(α) presented in Fig. 1 was generated by Mathematica 3.0.
If f ∈A is convex of positive order α, then Theorem 1 implies ‖J [f ]‖ 2(1−α) < 2.
On the other hand, it readily follows that ‖g‖ < 2 implies that g is bounded by a constant
depending only on the norm ‖g‖ (see [8]). Thus we have the following corollary.
Fig. 1. Graph of L(α).
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such that for every function f ∈ K(α) the Alexander transform J [f ] is bounded in D by
M(α).
We remark that the positivity of α is necessary. For example, the function g0(z) =
z/(1 − z) is convex of order 0 (see Section 3) but its Alexander transform J [g0](z) =
− log(1 − z) is not bounded in D.
2. Preparatory results
In the present section, we recall some known results for the preparation of the proof
of Theorem 1. In the sequel, H will stand for the class of analytic functions f in the unit
disk D and Ha will denote the subclass {f ∈H: f (0) = a} of it for a complex number
a ∈ C. For convenience, we will use the terminology “starlike” and “convex” in a broader
sense in what follows. A function f ∈ H is called starlike (respectively convex) if f is
univalent and if the image f (D) is starlike with respect to f (0) (respectively convex).
As is well known, f is starlike (respectively convex) if and only if zf ′(z)/(f (z) − f (0))
(respectively 1 + zf ′′(z)/f ′(z)) has positive real part. In particular, f ∈H is convex if and
only if zf ′(z) is starlike (with respect to the origin).
We will say that a function ϕ ∈ H is subordinate to ψ ∈ H and write ϕ ≺ ψ or
ϕ(z) ≺ ψ(z) if there is a function ω ∈H0 with |ω| < 1 satisfying ϕ = ψ ◦ ω. Note that
the condition ϕ ≺ ψ is equivalent to the conditions ϕ(D) ⊂ ψ(D) and ϕ(0) = ψ(0) when
ψ is univalent.
The following result is due to Ma and Minda [11, Theorem 1] (see also [9]).
Lemma 3. Let ψ ∈ H1 be starlike and suppose that g ∈ A satisfies the equation 1 +
zg′′(z)/g′(z) = ψ(z) for z ∈ D. For f ∈ A, the condition 1 + zf ′′(z)/f ′(z) ≺ ψ(z) then
implies f ′ ≺ g′.
We also need a variant of the Hallenbeck–Ruscheweyh theorem [4]. The following result
can be obtained as a special case of Theorem 3.4h in [13, p. 132] with θ(w) = w, φ(w) = 1.
Lemma 4. Let q ∈H be convex. Then, for p ∈H, the condition p(z) + zp′(z) ≺ q(z) +
zq ′(z) implies p ≺ q.
Recall that the Hallenbeck–Ruscheweyh theorem states the above under the assumption
that q(z) + zq ′(z) is convex instead of convexity of q. Combining these two lemmas, we
obtain the following result.
Proposition 5. Suppose that the function ψ(z) = 1 + zg′′(z)/g′(z) is starlike and that
the function g(z)/z is convex for a given function g ∈ A. If a function f ∈ A satisfies
1 + zf ′′(z)/f ′(z) ≺ ψ(z), then the inequalities ‖f ‖ ‖g‖ and ‖J [f ]‖ ‖J [g]‖ hold.
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|ω| < 1. At this stage, we follow the argument used in [8]. By the Schwarz–Pick lemma,
we have the inequality
|ω′(z)|
1 − |ω(z)|2 
1
1 − |z|2 , z ∈ D.
Since a logarithmic differentiation yields f ′′/f ′ = (g′′/g′) ◦ ω · ω′, we compute
(
1 − |z|2)
∣∣∣∣f
′′(z)
f ′(z)
∣∣∣∣= (1 − |z|2)
∣∣ω′(z)∣∣
∣∣∣∣g
′′(ω(z))
g′(ω(z))
∣∣∣∣

(
1 − ∣∣ω(z)∣∣2)
∣∣∣∣g
′′(ω(z))
g′(ω(z))
∣∣∣∣ ‖g‖.
Therefore, we have obtained the inequality ‖f ‖  ‖g‖. Next put q(z) = g(z)/z. Then
q ∈H1 is convex by assumption and satisfies the equation
g′(z) = q(z) + zq ′(z).
Since p(z) = f (z)/z satisfies the condition p(z) + zp′(z) = f ′(z) ≺ q(z) + zq ′(z),
Lemma 4 yields the relation p ≺ q, in other words, J [f ]′ ≺ J [g]′. Now the same rea-
soning as above provides the inequality ‖J [f ]‖ ‖J [g]‖. 
We also need a few results concerning the Gauss hypergeometric function
F(a, b; c; z) =
∞∑
n=0
(a)n(b)n
(c)n(1)n
zn, z ∈ D,
where (x)n = x(x + 1) . . . (x + n − 1) is the Pochhammer symbol (here (x)0 = 1) and c is
not a nonpositive integer. Note the obvious symmetry F(a, b; c; z) = F(b, a; c; z), which
will be used below without reference. We remind the reader of the simple expression of the
derivative of the hypergeometric function in the form
d
dz
F (a, b; c; z) = ab
c
F (a + 1, b + 1; c + 1; z). (1)
We need a starlikeness criterion for hypergeometric functions. The following result is im-
plied by the proof of [12, Theorem] (see also [16, Theorem B]).
Lemma 6. Let a, b, c be real numbers with 0 a  b c. Then the function zF (a, b; c; z)
is starlike of order 1 − a/2.
Starlikeness of functions in the form zF (a, b; c; z) has also been studied by many other
authors (see, for example, [10,15] and references therein).
We also need a deep property of the logarithmic derivative of the hypergeometric func-
tion with special parameters. The following result was recently proved by Küstner [10,
Theorem 1.5].
666 J.H. Choi et al. / J. Math. Anal. Appl. 303 (2005) 661–668Lemma 7. Suppose that a, b, c ∈ R satisfy −1 a  c and 0 < b  c. Then there exists a
Borel probability measure µ on the interval [0,1] such that
F(a + 1, b + 1; c + 1; z)
F (a, b; c; z) =
1∫
0
dµ(t)
1 − tz
holds for z ∈ D.
The authors thank Prof. Dr. St. Ruscheweyh for bringing Lemma 7 to their attention.
3. Proof of Theorem 1
It is easily seen that f ∈ K(α) if and only if 1 + zf ′′(z)/f ′(z) is subordinate to
ψα(z) = (1 + (1 − 2α)z)/(1 − z), and that the function ψα is convex and therefore
starlike. Let gα ∈A be the function satisfying 1 + zg′′α(z)/g′α(z) = ψα(z). Then, if we
check the convexity of the function qα(z) = gα(z)/z, then we conclude the inequality
‖J [f ]‖ ‖J [gα]‖ by Proposition 5. (We remark that Proposition 5 yields simultaneously
the inequality ‖f ‖ ‖gα‖ = 4(1 − α) which was stated in (ii) of Theorem A.)
In order to see the convexity of qα, we use an explicit form of the function qα. We
further assume α = 1/2 for a while. By the relation g′′α(z)/g′α(z) = (ψα(z) − 1)/z =
2(1 − α)/(1 − z), we obtain g′α(z) = (1 − z)2(α−1), and thus,
gα(z) = (1 − z)
2α−1 − 1
1 − 2α .
By using a binomial expansion, we obtain
gα(z) = 11 − 2α
∞∑
n=1
(
2α − 1
n
)
(−z)n = 1
1 − 2α
∞∑
n=1
(1 − 2α)n
(1)n
zn
= z
∞∑
n=0
(2 − 2α)n
(2)n
zn = zF (2 − 2α,1;2; z).
This is true also when α = 1/2. In that case, we have
g1/2(z) = zF (1,1;2; z) = − log(1 − z).
In view of the formula (1), we see that
q ′α(z) = (1 − α)F (3 − 2α,2;3; z) and
q ′α(z)
qα(z)
= (1 − α)F (3 − 2α,2;3; z)
F (2 − 2α,1;2; z) .
By Lemma 6, we now conclude that zq ′α(z) is starlike, in other words, qα is convex. Thus
we have shown the convexity of qα.
We next compute the value of ‖J [gα]‖. Note first that (J [gα])′ = qα and that the in-
equality∣∣∣∣q
′
α(z)
∣∣∣∣ q
′
α(|z|)qα(z) qα(|z|)
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the factor 1 − α > 0, and thus the inequality follows. We now have
∥∥J [gα]∥∥= sup
z∈D
(
1 − |z|2)
∣∣∣∣q
′
α(z)
qα(z)
∣∣∣∣= sup
0x<1
(1 − x2)q
′
α(x)
qα(x)
= (1 − α) sup
0x<1
(1 − x2)F (3 − 2α,2;3;x)
F (2 − 2α,1;2;x) = L(α).
The expression of L(α) using elementary functions can be confirmed by observing the
explicit form of the function qα. The sharpness is clear because L(α) = ‖J [gα]‖ and gα ∈
K(α). Thus we have proved the first half of Theorem 1.
To prove the second half, i.e., L(α) 2(1 −α), it is enough to show, for 0 x < 1, the
inequality
(1 − x2)F (3 − 2α,2;3;x)
F (2 − 2α,1;2;x)  1 + x < 2.
By Lemma 7, we can write
(1 − x2)F (3 − 2α,2;3;x)
F (2 − 2α,1;2;x) =
1∫
0
1 − x2
1 − tx dµ(t)
for a Borel probability measure µ on the interval [0,1]. Since (1 − x2)/(1 − tx) 1 + x
for 0 t  1, the required inequality follows. 
Acknowledgment
The authors thank the referee for his/her careful reading of the manuscript and for thoughtful suggestions
which much simplified a part of the proof of our result.
References
[1] J. Becker, Ch. Pommerenke, Schlichtheitskriterien und Jordangebiete, J. Reine Angew. Math. 354 (1984)
74–94.
[2] Y.M. Chiang, Schwarzian derivative and second order differential equations, PhD thesis, University of Lon-
don, 1991.
[3] P.L. Duren, Univalent Functions, Springer-Verlag, Berlin, 1983.
[4] D.J. Hallenbeck, St. Ruscheweyh, Subordination by convex functions, Proc. Amer. Math. Soc. 52 (1975)
191–195.
[5] H. Hornich, Ein Banachraum analytischer Funktionen in Zusammenhang mit den schlichten Funktionen,
Monatsh. Math. 73 (1969) 36–45.
[6] Y.C. Kim, S. Ponnusamy, T. Sugawa, Geometric properties of nonlinear integral transforms of certain ana-
lytic functions, Proc. Japan Acad. Ser. A Math. Sci. 80 (2004) 57–60.
[7] Y.C. Kim, S. Ponnusamy, T. Sugawa, Mapping properties of nonlinear integral operators and pre-Schwarzian
derivatives, J. Math. Anal. Appl., in press.
[8] Y.C. Kim, T. Sugawa, Growth and coefficient estimates for uniformly locally univalent functions on the unit
disk, Rocky Mountain J. Math. 32 (2002) 179–200.
668 J.H. Choi et al. / J. Math. Anal. Appl. 303 (2005) 661–668[9] Y.C. Kim, T. Sugawa, Norm estimates of the pre-Schwarzian derivatives for certain classes of univalent
functions, preprint.
[10] R. Küstner, Mapping properties of hypergeometric functions and convolutions of starlike or convex functions
of order α, Comput. Methods Funct. Theory 2 (2002) 597–610.
[11] W. Ma, D. Minda, A unified treatment of some special classes of univalent functions, in: Z. Li, F. Ren,
L. Yang, S. Zhang (Eds.), Proceedings of the Conference on Complex Analysis, International Press, 1992,
pp. 157–169.
[12] E.P. Merkes, W.T. Scott, Starlike hypergeometric functions, Proc. Amer. Math. Soc. 12 (1961) 885–888.
[13] S.S. Miller, P.T. Mocanu, Differential Subordinations. Theory and Applications, Dekker, New York, 2000.
[14] Y. Okuyama, The norm estimates of pre-Schwarzian derivatives of spiral-like functions, Complex Variables
Theory Appl. 42 (2000) 225–239.
[15] S. Ponnusamy, M. Vuorinen, Univalence and convexity properties for Gaussian hypergeometric functions,
Rocky Mountain J. Math. 31 (2001) 327–353.
[16] St. Ruscheweyh, V. Singh, On the order of starlikeness of hypergeometric functions, J. Math. Anal. Appl. 113
(1986) 1–11.
[17] T. Sugawa, On the norm of the pre-Schwarzian derivatives of strongly starlike functions, Ann. Univ. Mariae
Curie-Skłodowska, Sect. A 52 (1998) 149–157.
[18] S. Yamashita, Norm estimates for function starlike or convex of order alpha, Hokkaido Math. J. 28 (1999)
217–230.
